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ABSTRACT

We consider an oriented distribution as a section of the corresponding
Grassmann bundle and, by computing the tension of this map for conve-
niently chosen metrics, we obtain the conditions which the distribution
must satisfy in order to be critical for the functionals related to the vol-
ume or the energy of the map. We show that the three-dimensional
distribution of S4™*3 tangent to the quaternionic Hopf fibration defines
a harmonic map and a minimal immersion and we extend these results
to more general situations coming from 3-Sasakian and quaternionic
geometry.
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1. Introduction

Given any tensor bundle n: P — M and a Riemannian metric go on M, the
manifold P can be endowed, in a natural way, with a Riemannian metric which
generalizes the Sasaki metric of the tangent bundle and which will be denoted
by g5. In the sequel, any smooth section o of this bundle will be considered
as a map from M into the Riemannian manifold (P, g5); in fact, a section is a
one-to-one immersion. The volume of ¢ will be the volume of the Riemannian
manifold (M,c*gs) where o*g5 is the metric induced by g5. If § is another
metric on M, for any smooth section ¢ we can define the second fundamental

form, the tension and the energy of ¢ as the corresponding items of the map
o: (M,§) — (P,g§).

Our first aim is to obtain the expressions of these tensor fields. Moreover,
since harmonic maps are characterized by the vanishing of the tension, we use
the expression of these tensor fields, and that of some conveniently chosen pro-
jections of them, to write down not only the condition for a section to provide
a harmonic map but also the condition for a unit section to provide a harmonic
map into the unit bundle UP and the condition for a section to be a critical
point of the energy for variations through sections; the latter will be called g-
harmonic sections and the characterization was obtained in [27] by a different
method (see also [22]). Two particular cases are important: when § = go, only
a metric on M is involved and critical points are known as harmonic sections;
when § = 0*g5, o is a harmonic map if and only if ¢ is a (0*g5)-harmonic
section, or equivalently, if and only if o defines a minimal immersion into the
bundle. These results, which appeared in [11] for the particular case of vector
fields, form the content of Section 2.

The third section is devoted to the study of oriented distributions. A g¢-
dimensional oriented distribution on M is seen as a section of the Grassmann
fiber bundle of ¢g-planes and this one is viewed as a subbundle of the tensor
bundle of g-vectors of M. This is the same idea as that used in [9] where the
authors have obtained a condition for a distribution to be a harmonic section
of the Grassmann bundle and used it to show that the quaternionic Hopf three-
dimensional distribution of the sphere S4™*2 is harmonic. The same conclusion
can also be obtained as a consequence of the result in [26] proving that the almost
product structure associated to a Riemannian foliation with totally geodesic
fibers of an Einstein manifold should be harmonic. We want to point out that,
although the Grassmann fiber bundle is a homogeneous bundle, we do not use
here this structure; recently, the energy of sections of homogeneous bundles has
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been studied in [28] and, in [10], an expression is obtained for the tension of a
distribution, and hence a condition for it to be a harmonic map from (M, go) to
the Grassmann bundle with the Sasaki metric g5 .

In this paper, our systematic approach allows us to go further and, by pro-
jecting the tension field obtained in Section 2, to obtain the condition for a
distribution to be a harmonic map from (M, §) to the Grassmann bundle with
the Sasaki metric g5 and, consequently, the condition for a distribution to be a
minimal immersion. When applying these results to the particular case of Hopf
quaternionic distributions, we get that it is minimal and also that it defines a
harmonic map when for § we take any metric of the canonical variation of the
submersion given by the Hopf fibration 7: S*™+3 — HP™,

The three-dimensional quaternionic Hopf distribution is just the character-
istic distribution of the usual 3-Sasakian structure on §*™*3. The previously
mentioned result can be generalized in a natural way to this situation and we ob-
tain that for any 3-contact metric manifold, the three-dimensional characteristic
distribution is minimal and defines a harmonic map.

Furthermore, we show that the energy and the volume of a distribution co-
incide with the energy and the volume of the orthogonal complementary distri-
bution, and also that one of them is a harmonic map, §-harmonic or minimal,
respectively, if and only if the other has the same property. As a consequence,
the many known examples of unit vector fields (see Remark 3.5) give examples
of codimension one distributions of the same kind.

If we regard the Hopf distribution on S*™*3 as the one generated by the
product of the normal to the sphere by the three unit imaginary quaternions,
that is to say, as the image of the normal vector field by the quaternionic dis-
tribution of R*™*4, it is natural to ask to what extend the results above can
be generalized to the Hopf distribution of any oriented real hypersurface of a
quaternionic Kahler manifold.

Following the lines developed in [23] and [24], where the authors studied the
harmonicity and minimality of Hopf vector field on hypersurfaces of a Kahler
manifold, we obtain in Section 4 the conditions that Hopf distributions of a
hypersurface of a quaternionic Kahler manifold must satisfy in order to provide
a harmonic map, a minimal immersion or a harmonic section. The conditions are
rather complicated for a general hypersurface but, since the shape operator of
the submanifold plays a central role, they simplify a great deal when we restrict
to the well-known class of Hopf hypersurfaces, that is, those for which the
shape operator preserves the Hopf distribution. This distribution then defines
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a totally geodesic foliation on the hypersurface. The conditions are written
down in Theorem 4.5 and several applications are given, in particular when
the ambient space is a quaternionic space form or the complex Grassmannian
G2(C™*?), m > 3 and its non-compact dual. In this way we provide several
examples of the considered special distributions. Other examples are given in
[21].

2. Sections of tensor bundles that are harmonic maps

By a tensor bundle #z: P —» M we mean a vector bundle such that the fiber at
each point P; is a vector space consisting of tensors of the tangent space T, M.
That is, P, = (To M)y ) for some (r,s) € Z x Z. In that case, the only data
needed to construct a Riemannian metric on P is a Riemannian metric go on
M. This metric generalizes the Sasaki metric of the tangent bundle (see [5], for
example). It will be denoted by g5 and, for &,& € T, P, it is defined by

95 (61,&) = go(ms (£1), ™4 (&2)) + 90(K (&1), K (&2)),

where K: TP — P is the connection map of the connection on P induced by
the Levi Civita connection of gg; we have represented by go not only the metric
on M but also the fibre metric induced on each fibre.

We recall that an element £ € T, P is said to be vertical if 7,(£) = 0 and it
is said to be horizontal if K(¢) = 0.

To each smooth section ¢ of 7: P — M we can associate a vertical vector
field on P, denoted by o¥¢™t, and for each vector field X on M we can define
a vector field X"°" in P, known as its horizontal lift. In a similar way as was
done in [20] for the tangent bundle, we obtain for the Lie brackets the following
expressions, for X,Y € X(M) and o, € T®(P):

[Xhor,yhor] o0 = [X7y]ho'r o0 + (R(X, Y)o.)vert o0,
(2'1) [Xho'r’ o.vert} — (on.)vert’
[o.vert’ nvert] =0.

Here R(X,Y)o = V|x,yj0 — VxVyo + VyVxo and then, if we put
(V20)(X,Y) = VxVyo - Vivyv)0,

we have
R(X,Y)o = (VZo)(Y, X) — (VI0)(X,Y).

Since any o € T°(P)is amap 0: M — (P, g5), we now consider the tension of
this map when M is equipped with a metric § which, in view of our applications,
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may be different from gg. It is the vector field on P along ¢ defined by

n

5(0) =Y _ ol (Es, Ey),
=1
where {E;}%, is a local g-orthonormal frame and
ad: X(M) x ¥(M) = T°(¢*TP)

is defined by od (X,Y) = V(04 0Y) — 0. 0 VY, where V¥ is the Levi Civita
connection of g5. Now, we prove the following

THEOREM 2.1: Given a section o € I'*°(P) of a tensor bundle n: P — M over
a Riemannian manifold (M, go) and a metric § on M, the second fundamental
form and the tension of the map o: (M, §) — (P,g3) are given, respectively, by

- . 1 n
o (X,Y) =(VxY = VxY)" og + 3 ZQO(R(Ei,Y)U, Vxo)(EM" o g)

=1
1 n
+35 Z R(E;, X)o, Vyo)(EM" o o)
1
+ §(R(X, Y)g)vert oo+ (VxVyo — Vﬁxyo.)uert .
and
73(0) = (X(0,5)"" 00 + (16,5)) " 0 0,
with
(0:9) = z 90(R(E;, E})o, V 5,0)E; + 73(1d)
?J 1
and

n
Nog) = Vesaayo + Y_(V20)(Ey, E;)
(2.1) . i=t
=1

where 75(Id) is the tension of the identity map, considered from the Riemannian
manifold (M,§) to (M, go), and {E;}%., and {E;}%, are local orthonormal
frames with respect to go and §, respectively.
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Proof: Using (2.1) and Koszul’s formula, we get for the Levi Civita connection
of gf)g :

vaert UUETt = O7
(2.3) (Vf(,wyhor) o0 = (VXY)hoT oo + %(R()(7 Y)o.)vert oo,

(VY™ 00 = LT go(R(B;, Y ), n)(EL" 0 0).

These formulas are a special case of those derived in [5, Chapter 9] for vector
bundles. To have the complete expression of VS, we only need to have in mind
that

Vihornvert — V,gvert Yhor + [Yhor, nvert].

On the other hand,
(24) g.0X = Xhor oo+ (VXo_)vert oo

and therefore
(2.5)

V3 (o, 0Y) =(VxY

~—

horoo-{—lRX,YJvertoa
2

+ 90(R(Ei,Y)o,Vxa)(E!T 0 )

i
I\

[
Ing

QO(R(Ei, X)J, VYU)(E‘?OT ° 0‘) + (VXVYU)Uert o0,

+
DO =
(1=

Ti
I

Since
A2 (X,Y)=V5(0.0Y) — (VxY) oo — (Vﬁxya)vert oo,
we get the result. (]

In [19], Konderak has computed the tension of a section a: (M, go) — (E, g°),
where E is any vector bundle over M and g° is the Sasaki metric constructed
with the metric go on M, any metric h on the fiber and any connection D on the
bundle. The particular case § = go of the Theorem above is also a particular
case of his result: for E a bundle of tensors on M, considered with the natural
extensions of the metric go and of the corresponding Levi Civita connection.

The results of Theorem 2.1 when P is the tangent bundle appeared in [11].
As was done there, it will be useful to write 7, 5) in terms of the Levi Civita
connection of go and the endomorphism field L = (det(g5'3))"%(g5'3), i-e.,
Ly = (det A)~% A where §(X,Y) = go(AX,Y) for all X,Y € X(M).
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PROPOSITION 2.2: Given a section o € I'°(P) of a tensor bundle n: P — M
over a Riemannian manifold (M, go) and a metric § on M, denote by K, 5 the
section of P © T*M given by K5 = Vo o Lg_l. Then

Nog) = —(det(9519) " EV (K 5))s

where V*: T (P @ T*M) — I'>°(P) represents the divergence defined as

n

VH(K) ==Y (Vg K)E,

i=1
Proof: It has been shown in [11] that

n n
Y Ve Ei=) L7V Li(E).
i=1 i=1
Using now (2.2), we get

Nog) = P _(Vg, (Voo L)) (Lg(E)).

=1

By the choice of Lj, we have for X € X(M):

X = ZQO()Q E))E; = (det(g;'§))"® Zg E)E;,

=1

from where the result follows. |

COROLLARY 2.3: Given a section o € I'°(P) of a tensor bundle m: P — M
over a Riemannian manifold (M, go) and a metric g on M, the map o: (M, J) —
(P,g3) is harmonic if and only if X(s,5) = 0 and 0,50 = 0. If o is a section
of the subbundle UP consisting of those tensors of unit norm, then the map
o: (M, §) = (UP,g3) is harmonic if and only if X(4,5) = 0 and 1(,,5) is collinear
too.

Proof: The first assertion comes from the theorem and the definition of har-
monic maps as those with vanishing tension. Furthermore, a unit ¢ is harmonic
as a map to (UP,g3) if and only if for all p € M the vector 75(0)(p) € Ty P
is collinear to the vector field normal to the immersion UP C P which is given
by o¥¢"t(c(p)), from where the result follows. |

The energy of the map o: (M,§) — (P,g5) is

1
E(0,9) = 5 /M trace(L,,g))dvg,
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where L(, ;) is the endomorphism field uniquely determined by
(0*95)(X,Y) = §(Lop X, Y).

In the particular case § = go, E(0,g99) = E(0) is called the energy of the sec-
tion and E(s,0%g§) = snvol(c), where vol(c) is the n-dimensional volume of
the submanifold o{M), or equivalently, the volume of the Riemannian manifold
(M,0*g5).

If M is compact, o is a harmonic map if and only if it is a critical point of
the energy functional from C*(M, P) to R and ¢ is a minimal immersion if
and only if it is a critical point of the volume functional from Imm(M, P) to R.

Once we know the condition for a smooth section of P to provide a harmonic
map, we can consider the restriction of the energy functional to the space of
sections. Let Ej; be the functional that maps each smooth section ¢ into E(q, ).
A critical point o € I'°(P) of Ej; is called a §-harmonic section or simply
harmonic if § = go. Since the variational field ¢'(t) of any variation o(t) of
o through sections of 7: P — M is in the vertical subbundle kern, C TP,
critical points of this restricted functional are characterized by the vanishing of
the vertical component of their tension and then we have

COROLLARY 2.4: A section o € I'°(P) is §-harmonic if and only if (5,5 = 0
and a unit section is a critical point of Ej; restricted to I'*°(UP) if and only if
N(o,5) I8 collinear to o.

PROPOSITION 2.5: Given a section o € I'™°(P) of a tensor bundle n: P - M
over a Riemannian manifold (M, go), the immersion o: M — (P, g5) is minimal
if and only if 5,5 = 0, where § = o* g5. If o is a unit section, then it is a
minimal immersion into (UP, g5) if and only if 1), 5) is collinear to o.

Proof: If we compare the tension of a map with the mean curvature vector
field of an immersion, it is clear that the immersion ¢ is minimal if and only if
it is a harmonic map from (M, §), with § = o*g5.

In view of Corollary 2.3, we only need to show that, for this particular value
of g, if 9,5 = 0 (or if o is a unit section and 7 is collinear to o), then
X(s,5 = 0. This will be a consequence of the following equality, for all X €
X(M):

(2.6) gO(X(a,a‘yg)vX) + go(’l](a.'o..gg),VXO') =0.

In fact, if a vector field ¢ € X(P) is of the form £ = Y?°" 4 p¥¢7* and such
that £ o o is orthogonal to the submanifold (M), with respect to the metric
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g5, then for all X € X(M) we have, using (2.4) and the definition of g§, that
90(Y, X) + go(n,Vx0) = g5 (£0 0,0, 0 X) = 0.

Since 7;(0) is the mean curvature vector field of the immersion, it is orthogonal
to o(M), from where (2.6) holds.

3. Energy and volume of oriented distributions

Let (M, go) be a Riemannian manifold and let

AM) = | AT M)
zeM
be the tensor bundle of all skew-symmetric contravariant tensors of order ¢,
or briefly, of all g-vectors on M. Now, we consider the Grassmann bundle as
a subbundle of A?(M). Let V be an n-dimensional oriented vector space and
let G3(V) be the oriented Grassmann manifold, i.e., the set of all oriented g¢-
dimensional linear subspaces of V. Then Gg(V) is an (n — g)¢g-dimensional
compact homogeneous Riemannian manifold. Moreover, if we choose an inner
product on V, we may identify G9(V) in a natural way with the set

{o € Z,(V)illoll =1}

where £,(V') denotes the set of all decomposable g-vectors of V. In fact, each
g-dimensional subspace U of V is identified with the decomposable g-vector
o =-e; AN Neg of A9(V) where {e;1,...,e,} is a positive orthonormal basis
of U. We shall say that U is the associated subspace of 0. It can be shown
that this representation of G§(V') is a submanifold of A?(V). Furthermore,
the tangent space of G7(V) at a subspace U represented by 0 = e; A--- A g
corresponds to the subspace T,G5(V) C A (V) generated by

{of =e1N---ea1Nejigheqrr--Negga=1,...,q, 5=1,...,n—q}
where {eg41,...,en} are chosen so that they complete the positive orthonormal
basis {e1,...,e,} of U to a positive orthonormal basis of V.

In fact, let o(t) = e1(t) A--- Aeg(t) be a differentiable curve in A%(V), lying
in G3(V), with ¢(0) = 0. Then

q
o' (0)= erA---NeL(0) A~ Ae.
a=1



262 O. GIL-MEDRANO, J. C. GONZALEZ-DAVILA AND L. VANHECKE Isr. J. Math.

Since e, (t) is a unit vector, e/ (0) is orthogonal to e, and so ¢'(0) is in the
subspace generated by {of}.

Let Go(M) = U ep Go(T: M) be the Grassmann fibre bundle. Then,
under the above identification, G§5(M) is the unit decomposable subbundle of
A?(M) and each g-dimensional oriented and smooth distribution ¥ on M gives
a section ¢ € I'°(G5(M)) of the Grassmann bundle and may be considered
as a global smooth section of the tensor bundle AY(M), also denoted by o. Tt
can be expressed locally as ¢ = E1 A --- A Ey, where {Ex, ..., E,} is a positive
orthonormal local frame such that Ey,..., E; span V and Eg44,..., E, span its
go-orthogonal complementary distribution . We will denote the corresponding
section of Gy, _ (M) by o+. It islocally expressed as 0+ = Ej41A---AE,. Such
a local frame will be called a local frame adapted to the distribution.

The energy of the distribution V is then defined as the energy of the corre-

sponding section o, where G (M) is considered with the induced Sasaki metric
from A?(M).

ProOPOSITION 3.1: Let ¢ be a g¢-dimensional oriented distribution on a
Riemannian manifold (M, go) and let o+ be the corresponding go-orthogonal
distribution. Then 0*g5 = (0+)*g5 and consequently, for any metric j on M,
the maps o: (M, §) — (G5(M),g5) and o*: (M,§) — (G4_,(M),g5) have the
same energy.

Proof: Since 0*g5(X,Y) = go(X,Y) + go(Vx0,Vyo), we only need to show
that

go(on',Vyo') = go(VXUJ“, VyJJ‘).

If we compute V xo in an adapted local frame, we obtain

q n—q

(3.1) Vxo =Y go(VxEa, Eyy;)0?,

a=1 j=1

and then

qg n—q

90(Vxo,Vyo) =Y > 9o(VxEa, Eq5)90(Vy Ep, Eg1r)g0(05,0})-

a,b=1j k=1
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Since go(o¥,0 by = okgb

7%

q n—q

90(Vxo,Vyo) = Z Z 90(Vx Eq, Eq15)90(Vy Ea; Eq+;)

a=1 j=1
q n—q

=Y 90(Ea, VxEqi5)90(Ea, Vy Egy.;)

a=1 j=1
=go(Vxot,Vyst). 1

If we denote by Sg(w) the subspace of A?(T, M) generated by o(z), by S;(z)
the subspace T, (;)G9(T, M) previously described, and by Si( ) the subspace
generated by

{ofjb(x) a,b=1,...,¢; 4,j=1,...,n—q},

where afjb(x) =er A Neg_ 1 NegpiNegri A~ Nep_1 ANegrj Aepri A Aey,
then it is easy to see that for every o € I'*°(G§(M)) we have

77(07.‘—1)( ) € So(a:) @& S @ Sa(z)

The condition for o to be harmonic as a map into G (M) is the vanishing of the
projection of the tension onto T;(;)G(T: M) and we have shown the following:

THEOREM 3.2: Given an oriented g-dimensional distribution on a Riemannian
manifold (M, go) and a metric § on M, then
(a) the corresponding map o: (M, §) — (GZ(M),gg) is harmonic if and only

if
X(oy =0
and for all x € M,
(3.2) Mo, (@) € SY(zy & So(zy;

(b) the condition (3.2) characterizes these §-harmonic distributions or, equiv-
alently, those distributions that are critical points of Ej restricted to
I (Gy(M));

(c) the immersion o: M — (GZ(M),gg) is minimal if and only if

Moy 65) (%) € So(zy ® Sz (-

Since the subspaces S9 (2) S;(x) and 52 are mutually orthogonal, (3.2) is
equivalent to go(n(,.5), j) =0foralla= 1 ¢, =1,...,n— q. Therefore,

in view of our applications, the following lemma will be useful.
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LEMMA 3.3: Let o be a q-dimensional distribution on a Riemannian manifold
(M, go) and let P be an endomorphism field. If we put K, = Vo o P, then

(33) gO(R(Xv Y)Uv U;) = gO(R(Xv Y)Em Eq+j)

and

90((VxKs)X,08) =g0(VxVpxE, — Vpwyx)Ea, Egt;)

q
(34) + > (90(VxEa, Es)go(V px Eqs 4, Es)
b=1

+ 90(Vpx Eu, Eb)go(V x Eg, Eb))-
Proof: Since from (3.1) we get

g n—q

VxVyo =YY {Xgo(VyEa, Byr;)0% + 90(Vy Ea, Egy;)Vx 0}

a=1 j=1
and the projection of Vxaf onto S; is given by

n—q

> 90(VxEqij, Eqri)o ZQO(VXEba 2)o;

k=1 b=1

we have
90(VxVy0,0}) =90(VxVy Eo, Eqi;) + 90(Vy Eo, Vx Egy )
n—q
+ Z 90(Vy Eq, Egr)90(Vx Egik, Eg1 )
(3.5) k=1
q
- Z 90(VxE,, Eb)go(Vy Epy, Egy ;).
b=1
Therefore,
90(Viya,08) =90(Viy Ea: Eqt)
q
(3.6) + > (90(Vx Ea, Es)go(Vy Eqi s, By)

=1
+ 90(Vy Ea, Ey)g0(Vx Eqy 5, Ep))

from where (3.3) follows. Using again (3.5) and taking into account that
(3.7 (VxK,)X = VxVpxo—Vpw,x)0,

we obtain (3.4). |
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PROPOSITION 3.4: Let o be a g-dimensional distribution on a Riemannian man-
ifold (M, go) and let o' be the corresponding go-orthogonal distribution. Then
for any metric g on M, the map o: (M, §) = (G(M), gs) is harmonic if and only
if the map o+: (M, §) — (G;’l_q(M),g(?) is harmonic, and the distribution o is
g-harmonic if and only if the distribution o is §-harmonic. Moreover, the im-
mersion o: M — (Gg(M),gg) is minimal if and only if o+: M — (G%_q(M),g(‘f)
is minimal.

Proof: Using (3.1) and (3.3), we get

(38) go(R(X,Y)o,Vyo) = ZZgo Vy Ea, Eq45)90(R(X,Y)Eq, Eqy ;).

a=1 j=1

Hence, X(,,5) = X(s1 5)- On the other hand, (3.4) yields

90((VxKs)X,07) =X g0(Vpx Ea, Eq+j) — 90(V p(vx x) Eas Eg+5)

n—q

+ Z go(VPan, Eq+k)90(VXEq+k, Eq+j)
k=1

q
— Z 90(Vx Eq, Ep)90(Vpx Ey, Egyj)
b=1

foralla € {1,...,9q} and j € {1,...,n — ¢}. So, we have

gO((vXKa)X7 J;) = _gO((vXKa'-L )X7 (al)j)

a

and this implies, from Proposition 2.2, that

90(0(e,3),05) = =go(M(or 3y, (61)1).

Now, the result follows from Theorem 3.2. |

Remark 3.5: As a consequence of Proposition 3.1, any example in which the
value of the energy or of the volume of a unit vector field has been computed,
also gives the value of the energy or the volume of the orthogonal distribution.
Moreover, every critical unit vector field provides a critical codimension one
distribution as a consequence of Proposition 3.4. So, all the examples given in
(3,6,7,8,12,13, 14, 15, 16, 17, 23, 24, 25] also provide examples of codimension
one minimal or harmonic distributions and of harmonic maps. In particular, we
formulate one appearing in contact metric geometry.
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It is well known that the characteristic vector field of a K-contact manifold
(M, g,€) is an eigenvector of the Ricci operator and in [25] it has been shown
that this is exactly the condition for a Killing vector field to be harmonic. That
the characteristic vector field is also minimal is obtained in [14], by showing
that the endomorphism field A relating the metric § = £*¢° with the metric g
verifies A(§) = £ and A|¢+ = 2Id. Now, it has been seen in [11] that X 5 =0
for a minimal unit vector field. For this particular value of A, by using the
formula for X(, ;) given in Theorem 2.1 and by showing that the identity map
is in this case harmonic (use the first formula in the proof of Proposition 2.2),
this implies that X ;) = 0 too and hence that { determines a harmonic map.
So we have

PROPOSITION 3.6: The characteristic vector field and the corresponding char-
acteristic distribution of a K -contact manifold are minimal and define harmonic
maps.

Next, we provide some other examples. If we represent by N the unit outward
normal to the sphere S™, n = 4m —1, m > 1, in R*™ and by {I, J, K} the usual
quaternionic structure of R*™, then the 3-vector field o globally defined by
o =INAJNAKN determines the smooth three-dimensional distribution ¥ on
S™ generated by {IN, JN, KN} tangent to the Hopf fibration 7: S® — HP™~!
and we will refer to it as the Hopf distribution. If gy is the standard metric
on the sphere and H represents the distribution gp-orthogonal to V, we consider
on S™ the canonical variation g¢;, i.e., g:|v = go, gt|n = tg9o and ¢:(V,H) = 0.
For all t > 0, w: (S™,¢¢) = HP™~! is a Riemannian submersion with totally
geodesic fibres and then the map Id: (S™, ¢:) — (S™, go) is harmonic. It is not
difficult to show that X, 4,) = 0 and that
3(3 t— n) ”

n—3
+2Y (IE; NJE;NEN +IE; NJN AKE; + IN AJE; A KEj),

=1

TI(O,gt) =

where {Ej ?;13 is a local gs-orthonormal frame of H.

Hence, 1)(g,q,)(z) € 59, ® S, for all z € S*. From Corollary 2.3 we
get that ¢ is not a harmonic map from (S%, g;) to (A%(S™), g5 ), but using the
characterization of Theorem 3.2 we get

PROPOSITION 3.7: Let § be any of the metrics of the canonical variation of the
Riemannian submersion n: S — HP™~!. Then the three-dimensional Hopf
distribution provides a harmonic map from (S™,§) to (G$(S™), g5).
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Remark 3.8: As a consequence, the three-dimensional Hopf distribution is
harmonic; this result also appeared in [9]. Moreover, it provides a harmonic
map from (S™, go) to (G(S™), g5) which has been shown in [10] by a different
method: using the homogeneous structure of the sphere and the structure of
homogeneous bundle of G§(S™).

PROPOSITION 3.9: The three-dimensional Hopf distribution on S™ provides a
minimal immersion of the sphere into its Grassmann bundle of oriented 3-planes.

Proof: It is straightforward to show that the metric o*g3 restricted to V is
equal to go and restricted to H it is equal to 4¢go. Then it is homothetic to one
of the metrics g; and then the result follows from the above Proposition. 1

PRrOPOSITION 3.10: The three-dimensional characteristic distribution on any n-
dimensional 3-contact metric manifold (M, go) provides a minimal immersion of
the manifold into its Grassmann bundle of oriented 3-planes and also a harmonic
map from (M, go). Moreover, if M has finite volume, E(c) = 2(n — 3) vol(M)
and the volume F(o) of o is given by F(o) = 2"~ 3 vol(M).

Proof:  First, we recall that due to a recent result by Kashiwada [18], every
3-contact metric manifold is 3-Sasakian. We refer to [5] for more details and also
for the needed results and formulas from Sasakian geometry. If we represent by
&y @ = 1,2,3, the unit vector fields defining the structure, then ¢ = £ A& A L3
and an adapted local frame {E,}?_, can be chosen such that E, = £,, a =
1,2, 3. Since on a Sasakian manifold

R(X’ Y)ga = gO(X’ éa)Y - go(Y, ga)X

for all vector fields X,Y, (3.8) implies

3 n—-3

Go(R(X,Y)o,Vyo) =YY 90(Vvéa, Ejss)go(X, &) g0(Y, Ejys)
a=1j=1
3 n-3

- Z Z 90(Vy&a, Ej43)90(Y; 6a)90(X, Ejy3)-
a=1 j=1
Each &, is Killing and consequently, X(, 4y = 0. Furthermore, we show that
90(M(0,90),03) = 0. By (3.4) we have

3

90((VxV0)X,0%) = go(VXVE)X, Eay;) + 2 go(V xas &)90(V x Fay 5, &).

b=1



268 0. GIL-MEDRANO, J. C. GONZALEZ-DAVILA AND L. VANHECKE Isr. J. Math.

We also have V&, = —¢, and (Vxg.)X = go(X, X)) — g0(&e, X)X. As a
consequence,

90((VE,Vo)Eq, 0})

3
= 90(4as Ba)90(Ba, Es13) + 2 00(VE. &b €a)90(V £, &by Fars)
b=1

3
=2 90(Ve. b, Ea)9o(V By, &b Bo)

b=1
and then
3
90((o,9005) = =2 90(Ve. by V sy ;)

b=1
3

= -2 go(¢séa, PpEs1;) = 0.
b=1

Now, we compute g*g5. From (3.1) and the definition of g5, we have

3 n-3
o"g5 (X,Y) = go(X,Y) =D > go(¢aX, Ess5)g0(¢aY: Esy)
a=1 j=1
3 3
=y {90(<PaX7<PaY) =" 90(0aX, &) g0(0aY, £b)}-
a=1 b=1

Since go(¢aX,9aY) = go(X,Y) — go(X,&a)g0(Y, &), We obtain

3
0% g5 (X,Y) = 4go(X,Y) =3 g0(X, &a)g0(Y &a)-

a=1

From here, and if we denote by A the endomorphism field such that a*gg (X,Y)
= go(AX,Y), we have A({,) =&, and A(E3y;) = 4F3,; from where we obtain
the values given in the statement for the volume and the energy of ¢ and also
that, for § = 0*g5, L; = 2°"™A. Using now (3.4) with P = Lg‘l, it is straight-
forward to show that

90(77(0,5),0}1) = 2n_590(n(0,go)a U?)
and so ¢ is also minimal. [ |

Remark 3.11: Tt follows from Proposition 3.4 that the same results are true for
the distribution o which in that case has dimension n — 3 = 4m.
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4. Quaternionic Hopf distributions

In this section, we shall put the examples given in Section 3 in a broader context
by considering Hopf distributions on real hypersurfaces of quaternionic Kéhler
manifolds of dimension 4m with m > 1. Before starting the study of the critical
points of the energy and volume functionals, we start by recalling some general
preliminaries about quaternionic Kéhler manifolds. For more details, we refer
to [1] and [4].

A quaternionic Kahler structure on a Riemannian manifold (M, g) is a
rank 3 vector subbundle 7 of End(T M) with the following properties:

(a) For each p € M, there exists an open neighbourhood I/ of p in M and
sections Jy, J2, J3 of J over I such that for all a € {1,2,3}:

(1) J, is an almost Hermitian structure on I/, that is, J2 = -Idj; and

9(LX,Y)+g(X,J,Y)=0 forall X,Y € X(U);

(2) Jodot1 = Jog2 = —Ja41J, (@mod 3).
(b) J is a parallel subbundle of End(TM), that is, VxJ € I'(J) for all
X eX(M), Jel(J).
A triple {Ji, Jo, J3} satisfying these conditions is called a canonical local

basis of J. From (b) it follows that there exist three one-forms g1, g2, g3 on I
such that

(4.1) VxJo = qo+2(X)Jat1 = gat1(X) Jay2 (amod3)

for all X € X(U), a € {1,2,3}.

A Riemannian manifold (M, g) equipped with a quaternionic Kahler structure
is said to be a quaternionic Kahler manifold. Every quaternionic Kahler
manifold is orientable and of real dimension 4m for some m € N, . For any
m > 1, it is an Einstein manifold. As is usually done in quaternionic geometry,
we therefore define a four-dimensional quaternionic Kahler manifold as a four-
dimensional oriented self-dual Einstein space. A quaternionic space form of
quaternionic sectional (@Q-sectional) curvature ¢ € R is a connected quaternionic
Kahler manifold M with the property that the Riemannian sectional curvature
is equal to ¢ for all tangent 2-planes spanned by {u, Ju} with u € T,M, J € J,,
p € M, |lul] = 1. The Riemannian curvature tensor R of a quaternionic space
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form M of Q-sectional curvature ¢ is of the form

RxyZ =§ [g(X7 2)Y —g(Y,2)X

(4.2) 3
+ 3 (9(JeX, 2) .Y — g(JY, 2)JaX +29(JuX,Y)JuZ)
a=1
for any canonical basis {J;, J2, J3} of J.

Now, let M be an orientable real hypersurface of a quaternionic Kihler man-
ifold M and let N be a global unit normal field of M. Let p, denote the
canonical projection TM, v = T'M and let P be the rank 3 vector subbundle
of Hom(T'M, T M) obtained as the restriction of ;7 to M. Then every canonical
local basis {J1, J2, J3} of J defined in an open neighborhood If of p € M in M
induces a basis {1, 02,03} of J = p, o P C End(TM) over U = U N M by
defining @, = pr o Jy - Each ¢, is a skew-symmetric (1, 1)-tensor field on U.
Hence, for any vector field X on U, we get

(4.3) JoX = 0o X + 1, (X)N,

where 5, is the dual one-form of the vector field £, = —J,N on I/ with respect
to the metric g, a = 1,2, 3. We also denote by g the induced Riemannian metric
on M. We have n,(£,) =1,

0o X = =X +1a(X)éa, 9(0a X, paY ) = 9(X,Y) = 0a(X)0a(Y)
and also the following identities hold (a mod 3):

Wabe =0, @alat1 =&t2, Yalatz = _§a+1a

PaPatl = Pa4+2 = Pat1Pa-

(4.4)

The Gauss and Weingarten formulas for M are given by
(4.5) VxY = VxY +g(SX,Y)N, VxN =-5X,

where ¥ and V denote the Levi Civita connection of (M, g) and (M, g) respec-
tively. Then, using (4.1) and (4.3), we get

(4.6) Vxéa = dar2(X)éat1 — dar1(X)&at2 + paSX

and

(4.7) (Vxa)Y = @or2(X)pat+1Y — qas1t{(X)@ar2Y +0.(Y)SX - g(SX,Y)&,.
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Furthermore, we have the following Gauss and Codazzi equations:

(48) g(nyZ,W) :g(RXYZ, W)
+9(SX, Z)g(SY, W) — g(SY, Z)g(SX, W),
(4.9) g(RxyZ,N) =g((Vy$) X, Z) — g(VxS)Y, Z).

The three-dimensional oriented distribution V on M given by V, = {J. N, |
J € J}, z € M, is called the (quaternionic) Hopf distribution on M and
we shall denote by ¢ its associated section of G§(M). It is generated by the
local (positive) orthonormal frame field {&;,£2,£3} and o is locally expressed as
g =& A& A& Asin Section 3, we denote by {E1,...,E,},n=4m—1, a
positive orthonormal local frame on M such that E, = &, a = 1,2,3. Using

(4.6), we have
3 n—3

Vxo = 2 Z 9(9aSX, E3yj)ay.

a=1 j=1
We start with the following criterion for the harmonicity of Hopf distributions
when M is a general quaternionic Kihler manifold with m > 1.

THEOREM 4.1: Let M be an orientable real hypersurface of a quaternionic
Kéhler manifold M with mean curvature h. Then the Hopf distribution is
harmonic if and only if for each a € {1,2,3} the vector field

@a(gradh) + S?& + 204415%Eat2 — 200425%E0 11

is tangent to the distribution.

Proof: Using (4.6) and (4.7) for a € {1,2,3} and j € {1,...,n — 3}, we have

9(Viv&a, Esrj) =at2(Y)9(0ar18Y, Es45) — qus1(Y)9(pat2SY, Ezy )
+9((Vy$a)SY, Esy;) + 9(pa(Vy S)Y, Ez45)
=2¢0+2(Y)9(0a115Y, B34 ;) — 2qa+1(Y)9(@at2SY, Egy ;)
+ 9(5Y,£a)9(SY, E31j) + 9(pa(Vy S)Y, Es5).
On the other hand,

3

Y 9(Vy&,£)9(Vy &, Esy)

b:l
=9(Vy&ut+1,8)9(Vyat1, B3yj) + 9(Vy&ata,€)9(Vyay2, E3tj)
=0o+1(Y)9(0a+2SY, B34 5) — qar2(Y)g(0e11SY, Esy )
= 9(&at+1,9aSY)g(0a+15Y, E3y5) — 9(§ar2, PaSY )9(@at2SY, Ez4 ;).
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Therefore, by (3.6), we get

9(V3y0,0%) =9(0a(Vy S)Y, Esy;) + g(SY,&)g(SY, Esy;)
—29(a+1,2aSY)g(Pa+15Y, Es4 ;)
= 29(et2,9aSY)g(Pa+2SY, Esyj).

Since M is an Einstein manifold, we have from (4.9)
n
Z(VEQS)EO, =gradh.
a=1

Using the properties of the ¢,, we conclude that

n
9((0,9), 73 Z (V. £, o}
a:

= g(pa(grad h) + S%&, + 20a+15%Eate — 200425 Eav1, B3y j),

from where the result follows. [ |

THEOREM 4.2: Let M be an orientable real hypersurface of a quaternionic
Kéhler manifold M. Then the Hopf distribution ¢ is minimal if and only if for
each a € {1,2,3} the vector field

©o(—=V*SP)+ SPSE, + 2p,41SPSE+2 — 2¢04425PS&p+1

is tangent to the distribution. Here P = La rys

Proof: By Theorem 3.2(c), the minimality of ¢ is equivalent to the vanishing
of g(1)(s,0+¢s), o) Which, by Proposition 2.2, is equivalent to

—g(V*Ks,08) = > 9((VE Ks)Ea,08) = 0

where K, = Vo o P and V* is the divergence operator. In a similar way as in
the proof of Theorem 4.1, and by using (3.4), (4.6) and (4.7), we get

(Vv K5)Y,07) =g(pa(Vy SP)Y, Esy;) + g(€a, SPY)g(SY, Ez )
— 9(€a+1,90a8Y )9(¢at+1SPY, E34 ;)
— 9(€a+1,9aSPY)g(pa+15Y, E34j)
= 9(€a+2,0aSY)g(0as2SPY, E3y )
= 9(&a+2, aSPY )g(Pa125Y, B3 ;).
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Therefore,

> 9(VE.Ko)Ea; %) =g(0a(~V*SP) + SPS&, Esy;)
a=1

9(20411SPSEut2 — 200425 PSEq 11, E3y )

from where the result follows. [ |

Remark 4.3: From the proof of the theorem above, it is clear that if we consider
any other metric § on M and we put P = L~ , the condition we obtain is then
equivalent to ¢ being a critical point of the functlonal E;.

Since P = L;}g s = +/(det A)A~!, where A is the endomorphism field defined
by
gS(XvY) = g(Ava)v

for a better understanding of the condition in Theorem 4.2, it will be convenient
to write down the expression of the metric o*¢°. By arguments similar to those
used in the proof of Proposition 3.10 for the characteristic distribution of a
3-Sasakian manifold, we easily get

LEMMA 4.4: Let M be an orientable real hypersurface of a quaternionic Kihler
manifold M and let ¢ be the Hopf distribution. Then

3
AX = X +35°X -3 0a(SX)S&,.

a=1

The extrinsic geometry of the submanifold M is so involved in the criticality
conditions of the Hopf distribution that it is difficult to go further, without
making assumptions on the behaviour of the shape operator. The conditions
in Theorem 4.1 and Theorem 4.2 simplify a great deal when we restrict our
attention to the well-known class of the Hopf hypersurfaces.

If V (or equivalently, the orthogonal distribution H) is invariant by S, then
M is called a Hopf hypersurface of M. From (4.6), the Hopf distribution V
is invariant by the shape operator S of M if and only if it is autoparallel, that
is, VxY € Vfor all X,Y € V (see also Proposition 3.5 of [1]). In particular,
V is integrable and the induced foliation Fy, is totally geodesic. If M is a Hopf
hypersurface, then there exists an open and dense subset W of M where the
eigenvalues of S are smooth and their multiplicities are locally constant. It yields
that for each p € W there exists a canonical local basis {J1, Jg, J3} of J such
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that £, is an eigenvector of S, defined on some open i withp e U =UNM C W
(see [1, Lemma 3.6]).

This local frame of V can be completed to an orthonormal frame field
{E, = &a; E3yj} on U satisfying SE, = AoEq, a = 1,...,n. Moreover, from
Lemma 4.4, we have P(E,) = f(0)E, and P(E3;) = (f(0)/(1 +3)3,,)) Es;
where

n—3

flo) = [T +3x,,).

Jj=1

THEOREM 4.5: Let M be a Hopf hypersurface of a quaternionic Kihler manifold
M.

(a) The Hopf distribution is harmonic if and only if the gradient of the mean
curvature of M is tangent to the distribution. In particular, if M has
constant mean curvature, then the Hopf distribution of M is harmonic.

(b) If the Hopf distribution is harmonic, then it determines a harmonic map
from (M, g) to (G$(M), g°) if and only if, for any local orthonormal frame
of H comprising eigenvectors of the shape operator, the vector field

Z /\kR(Nv Ek)Ek
k=4

is normal to M.

(c) The Hopf distribution gives a minimal immersion into (G3(M),g%) if
and only if V*SP is tangent to the distribution. This condition can be
expressed as

n

1 —
> —5(Bj(A) + (1 - 3\A)R(N, By, By, E;)) = 0
k=4 1 + 3)\k

forallj=4,...,n.

Proof: Part (a) is a direct consequence of Theorem 4.1. Now we prove (b).

By Theorem 3.2, a harmonic distribution ¢ defines a harmonic map if and
only if, for each vector field X on M,

n

3" 9(R(X, E4)o,Vi,0) = 0.

a=1
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Using (3.8) and the fact that by hypothesis S§, € V and SE; € #, we have

n 3 n
Z 0' VE 0' Z Z g (PaSEIm (R(X7 Ek)&I?Ej)
a=1 o=1 j k=4

w

n

= Z Z Q(R(X, E}C)fa, SDaSE;C).

a=1k=4

Now, from the Gauss equation (4.8) and the properties of the curvature tensor
on a quaternionic Kahler manifold [4, p. 403], we derive

[
9(R(X, Ex)&a, paSEy) = 9(R(X, Ex)&a, 9aSEr)
= _g(R(X7 Ek)JaN7 JaSEk)
= —g(R(X, Ex)N, SEy).

Therefore,

n n
> 9(R(X,Eq)0,Vi,0) = =3 (R(X,Ex)N, SEy),
= k=4
from where (b) holds.

The first assertion of (c) is a consequence of Theorem 4.2 and the definition
of a Hopf hypersurface. Furthermore, by Lemma 4.4, SP(E,) = Ao with A, =
f(o)Aa and X; = f(0)A;/(1 + 3A2). Therefore

9(V*SP,Ej) = —=E;(A\;) + > (A = Aa)9(VE, Ea, Ej).

a=1

Since V¢ & =0 and

5 f(o) FO) «— M
BN = maap B + 1055 L§41+3/\zEj()‘k)’

the vector field V*SP is tangent to the Hopf distribution if and only if for all
j=4,....n

1 e 3\
T?»\?E]()"sz <1+3)\2 5 (Ar)

i j=4

(A = X)) (1= 3Ap)5)
1+3)2

g(VEkEk’E])) =0
Now, for k # j, the Codazzi equation reads as

(410) g(R(Ej,Ek)E;;,N) = —Ej(/\k) + ()\J - )\k)g(kaEj, Ek)
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Therefore, the condition above is equivalent to

13

3)\k/\J
214—3)\2 (A) +Z 1_|_3)\2 R(EJ’Ek)Eka N) =0,

and so we have shown the second assertion. [ |

Let G2(C™*?) be the complex Grassmannian manifold of all complex two-
dimensional linear subspaces in C™*2. Denote by ¢ its canonical metric. Then
(G2(C™*?), g) is a compact Hermitian symmetric space and this manifold and
its non-compact dual Go(C™12)* are Einstein spaces. These symmetric spaces
are equipped with a Kahler structure J and a quaternionic Kahler structure 7.
In [2], for m > 3, a complete classification is given for those real hypersurfaces of
G2(C™*+?) and of G2 (C™2)* which are Hopf hypersurfaces for both structures.
Such hypersurfaces are tubes about special totally geodesic submanifolds with
constant principal curvatures. Moreover, they satisfy that, for any unit principal
curvature vector E, R(N, E)E is normal to the hypersurface [23]. Hence, we
have

COROLLARY 4.6: The Hopf distribution induced by the quaternionic Kahler
structure J of Go(C™*?) and of Go(C™*2)* on each one of such real hyper-
surfaces M determines a harmonic map of (M,g) into (G$(M),g°) and a
minimal immersion of (M,c*¢%) into (G3(M), g%).

Finally, we consider the particular case where M is a Hopf hypersurface of a
quaternionic space form M of Q-sectional curvature ¢. Using the expression of
the curvature tensor given in (4.2), we see that for any vector field E tangent to
the hypersurface, R(N, E)E is normal to M. Let E be a local unit vector field
of H such that SE = AE. Then for each a € {1,2, 3}, using (4.10), we have

0= éa(/\) + (’\ - /\a)“}(VEéa,E)?
0=EM) + (A — Ng(Ve, E, &)

Hence and from (4.6) it follows that &,(\) = 0 and E(A,) = 0. Moreover, if the
Q-sectional curvature of M is ¢ # 0, and according to [1, Lemma 4.16], each of
the principal curvatures ), is constant on .

Therefore we obtain the following Corollary of Theorem 4.5.

COROLLARY 4.7: Let V be the Hopf distribution on a Hopf hypersurface M of
a quaternionic space form M of Q-sectional curvature c. Then we have:
(a) V is harmonic if and only if 3,/ _, A is constant;
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(b) V determines a harmonic map of (M, g) into (G3(M), g°) if and only if it
is harmonic;
(c) V determines a minimal immersion of (M,0*¢°) into (G$(M), ¢%) if and
only if 37 _, arctan (v/3\) is constant.
Moreover, if ¢ # 0 then V is harmonic if and only if M has constant mean
curvature.

Proof: The only part that needs some hint is (a). We know that V is harmonic
if and only if E;(h) =0 for all j =4,...,n. Under the hypothesis,

E;(h) = E; (kz:;/\k)

and since &, (A;) = 0, we get the result. |

It has been shown in [1] that for the quaternionic projective space HP™ (c),
m > 2, of constant quaternionic sectional curvature ¢ > 0, the principal curva-
tures of a Hopf hypersurface are locally constant and the classification of these
Hopf hypersurfaces is also given there. Moreover, one can also find in [1] the
classification of Hopf hypersurfaces with constant principal curvatures in the
quaternionic hyperbolic space HH™ (—c), m > 2. Then we can state

COROLLARY 4.8: The Hopf distribution on a Hopf hypersurface in the quater-
nionic projective space HP™(c), m > 2, determines a harmonic map and a
minimal immersion. The same result holds for Hopf hypersurfaces with con-
stant principal curvatures in HH™ (—c), m > 2.
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