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ABSTRACT 

We consider an oriented distribution as a section of the corresponding 

Grassmann bundle and, by computing the tension of this map for conve- 

niently chosen metrics, we obtain the conditions which the distribution 

must satisfy in order to be critical for the functionals related to the vol- 

ume or the energy of the map. We show that the three=dimensional 
distribution of S 4m+3 tangent to the quaternionic Hopf fibration defines 

a harmonic map and a minimal immersion and we extend these results 

to more general situations coming from 3-Sasakian and quaternionic 

geometry. 
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1. I n t r o d u c t i o n  

Given any tensor bundle 7r: P -+ M and a Riemannian metric go on M, the 

manifold P can be endowed, in a natural  way, with a Riemannian metric which 

generalizes the Sasaki metric of the tangent bundle and which will be denoted 

by go s.  In the sequel, any smooth section a of this bundle will be considered 

as a map from M into the Riemannian manifold (P, g0S); in fact, a section is a 

one-to-one immersion. The volume of a will be the volume of the Riemannian 

manifold (M, a*gSo) where a*gSo is the metric induced by g0 s.  If ~ is another  

metric on M,  for any smooth section a we can define the second fundamental  

form, the tension and the energy of a as the corresponding items of the map  

cr: (M, ~) -+ (P, g0S). 

Our first aim is to obtain the expressions of these tensor fields. Moreover, 

since harmonic maps are characterized by the vanishing of the tension, we use 

the expression of these tensor fields, and that  of some conveniently chosen pro- 

jections of them, to write down not only the condition for a section to provide 

a harmonic map but also the condition for a unit section to provide a harmonic 

map into the unit bundle UP and the condition for a section to be a critical 

point of the energy for variations through sections; the latter will be called O- 

harmonic sections and the characterization was obtained in [27] by a different 

method (see also [22]). Two particular cases are important:  when ~ = go, only 

a metric on M is involved and critical points are known as harmonic sections; 

when ~ = (7*gSo, cr is a harmonic map if and only if a is a (a*g0S)-harmonic 

section, or equivalently, if and only if ~r defines a minimal immersion into the 

bundle. These results, which appeared in [11] for the particular case of vector 

fields, form the content of Section 2. 

The third section is devoted to the study of oriented distributions. A q- 

dimensional oriented distribution on M is seen as a section of the Grassmann 

fiber bundle of q-planes and this one is viewed as a subbundle of the tensor 

bundle of q-vectors of M.  This is the same idea as that  used in [9] where the 

authors have obtained a condition for a distribution to be a harmonic section 

of the Grassmann bundle and used it to show that  the quaternionic Hopf three- 

dimensional distribution of the sphere S 4m+3 is harmonic. The same conclusion 

can also be obtained as a consequence of the result in [26] proving that  the almost 

product  structure associated to a Riemannian foliation with totally geodesic 

fibers of an Einstein manifold should be harmonic. We want to point out that ,  

although the Grassmann fiber bundle is a homogeneous bundle, we do not use 

here this structure; recently, the energy of sections of homogeneous bundles has 
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been studied in [28] and, in [10], an expression is obtained ibr the tension of a 

distribution, and hence a condition for it to be a harmonic map from (M, go) to 

the Grassmann bundle with the Sasaki metric g0 s. 

In this paper, our systematic approach allows us to go further and, by pro- 

jecting the tension field obtained in Section 2, to obtain the condition for a 

distribution to be a harmonic map from (M, ~) to the Grassmann bundle with 

the Sasaki metric g0 s and, consequently, the condition for a distribution to be a 

minimal immersion. When applying these results to the particular case of Hopf 

quaternionic distributions, we get that it is minimal and also that it defines a 

harmonic map when for ~ we take any metric of the canonical variation of the 

submersion given by the Hopf fibration 7r: S 4m+3 -+ ][~pm. 

The three-dimensional quaternionic Hopf distribution is just the character- 

istic distribution of the usual 3-Sasakian structure o n  S 4m+3. The previously 

mentioned result can be generalized in a natural way to this situation and we ob- 

tain that  for any 3-contact metric manifold, the three-dimensional characteristic 

distribution is minimal and defines a harmonic map. 

Furthermore, we show that  the energy and the volume of a distribution co- 

incide with the energy and the volume of the orthogonal complementary distri- 

bution, and also that  one of them is a harmonic map, ~-harmonic or minimal, 

respectively, if and only if the other has the same property. As a consequence, 

the many known examples of unit vector fields (see Remark 3.5) give examples 

of codimension one distributions of the same kind. 

If we regard the Hopf distribution on S 4"~+3 as the one generated by the 

product of the normal to the sphere by the three unit imaginary quaternions, 

that  is to say, as the image of the normal vector field by the quaternionic dis- 

tribution of I~ 4m+4, it is natural to ask to what extend the results above can 

be generalized to the Hopf distribution of any oriented real hypersurface of a 

quaternionic K~hler manifold. 

Following the lines developed in [23] and [24], where the authors studied the 

harmonicity and minimality of Hopf vector field on hypersurfaces of a K~ihler 

manifold, we obtain in Section 4 the conditions that  Hopf distributions of a 

hypersurface of a quaternionic K~hler manifold must satisfy in order to provide 

a harmonic map, a minimal immersion or a harmonic section. The conditions are 

rather complicated for a general hypersurface but, since the shape operator of 

the submanifold plays a central role, they simplify a great deal when we restrict 

to the well-known class of Hopf hypersurfaces, tha t  is, those for which the 

shape operator preserves the Hopf distribution. This distribution then defines 
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a totally geodesic foliation on the hypersurface. The conditions are written 

down in Theorem 4.5 and several applications are given, in particular when 

the ambient space is a quaternionic space form or the complex Grassmannian 

G2 (C m+2), m > 3 and its non-compact  dual. In this way we provide several 

examples of the considered special distributions. Other  examples are given in 

[21]. 

2. S e c t i o n s  o f  t e n s o r  b u n d l e s  t h a t  a r e  h a r m o n i c  m a p s  

By a tensor bundle ~r: P --+ M we mean a vector bundle such tha t  the fiber at  

each point Px is a vector space consisting of tensors of the tangent space Tx M. 

Tha t  is, Px = (TxM)(,.,8) for some (r, s) C Z • Z. In tha t  case, the only da ta  

needed to construct a Riemannian metric on P is a Riemannian metric go on 

M. This metric generalizes the Sasaki metric of the tangent bundle (see [5], for 

example). It  will be denoted by go s and, for ~1, ~2 E T~,P, it is defined by 

90 S (~1, ~2) ---- g0 (71", (~1), 71", (~2)) -[- go ( K  (~1), K (~2)), 

where K:  T P  -+ P is the connection map of the connection on P induced by 

the Levi Civita connection of go; we have represented by go not only the metric 

on M but  also the fibre metric induced on each fibre. 

We recall tha t  an element ~ E T a P  is said to be v e r t i c a l  if ~,(~) = 0 and it 

is said to be h o r i z o n t a l  if K(~) = 0. 

To each smooth section a of 7r: P -+ M we can associate a vertical vector 

field on P,  denoted by avert, and for each vector field X on M we can define 

a vector field X h~ in P,  known as its horizontal lift. In a similar way as was 

done in [20] for the tangent bundle, we obtain for the Lie brackets the following 

expressions, for X , Y  E :~(M) and a ,~  E F~176 

{ [xhor, yhor] o ~ = [z, y]ho~ o a + (R(X, y)o)ve~ o a, 
(2.1) IX ho~, a ve~] = ( v x a ) ~ %  

Here R ( X , Y ) a  = V[x , y ]a  - V z V y a  --t- V y V x O "  and then, if we put  

we have 

( V 2 a ) ( X , Y )  -- V x V y a  - V(Vxy)a ,  

R(x ,  Y)o = (v2a)(Y, x )  - ( v2a ) (x ,  Y). 

Since any a E F~176 is a map  a: M --+ (P, goS), we now consider the tension of 

this map when M is equipped with a metric ~ which, in view of our applications, 
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may be different from go. It is the vector field on P along 0 defined by 

n 

~(o) : ~ ~(~i, ~{), 
i : 1  

n where { i}i=l is a local ~-orthonormal frame and 

~ 

ag: )~(M) • 3~(M) --+ F ~ ( a * T P )  

is defined by a~(X ,  Y) = VSx(a, o Y )  - 0 ,  o f Y x Y ,  where V 8 is the Levi Civita 

connection of g0 s. Now, we prove the following 

THEOREM 2.1: Given a section cr E F~ of a tensor bundle 7c: P --+ M over 

a Riemannian manifold (M, go) and a metric ~ on M ,  the second fundamental 

form and the tension of  the map 0: (M, ~) -~ (P, gS) are given, respectively, by 

n 

- 1 ~ go(R(Ei,  Y)o, V x a ) ( E  h~ o 0) a [ (X ,Y)  = ( V x Y  - f T x Y )  h~ 0 0 +  
i=l  

n 

1 E go(R(Ei,  X )a ,  V v a ) ( E  h~ o 0) +~ 
i=1 

+ ~ ( R ( x ,  Y)o)  ~ r t  o o + ( v x v v o  - v r 2 1 5  ~ t  o o 

and 

: < (~,~)) o 0 + W(~,~)J o 0, 

with 
n 

x(~,~) = ~ go(R(Ei, s V~ o)Ei + T~(Id) 
i , j=l  

and 

(2.1) 

n 

i = l  
n 

i=1 

where T~ (Id) is the tension of  the identi ty  map, considered from the Riemannian 

E ~ ~ manifold (M,~) to (M,  go), and { i)i=1 and { i}i=l are local orthonormal 

frames with respect to go and ~, respectively. 
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Using (2.1) and Koszul's formula, we get for the Levi Civita connection 

I v7S -vert __ 0 
V f f v e r /  7] - -  , 

(2.3) (VShorY ~~ o a  = ( V x Y )  h~ o a  + l ( R ( X , Y ) a ) v e r t  oa,  

{wS yhor~ o o" 1 n 
, E =l g o ( m E ,  ~ o 

These formulas are a special case of those derived in [5, Chapter 9] for vector 

bundles. To have the complete expression of V s, we only need to have in mind 

that  
Vs ._v~t s y~o,- [yho~, ~l,,ert]. yho,.'q = ~,,c~t + 

On the other hand, 

(2.4) a ,  o X = X "~ o a + ( V x a )  ~rt  o a 

and therefore 

(2.5) 

v ~ ( ~ .  o v )  = ( v x Y )  ~~ o ~ + � 8 9  v ) ~ )  "~ '  o 

1 n 
+ go(n(E , Vx )(E  o 

i : 1  

1 ~-~go(R(Ei ,X)a ,  V v a ) ( E  h~ o a) + (V x VycT) vert 0 0". 
i=1 

Since 

= {k'] - ~vert a ~ ( X , Y )  VSx(a. o Y ) - ( V x Y ) h ~  o a - ~ v ~ v a )  oa,  

we get the result. | 

In [19], Konderak has computed the tension of a section a: (M, go) --+ (E, gS), 

where E is any vector bundle over M and gS is the Sasaki metric constructed 

with the metric go on M, any metric h on the fiber and any connection D on the 

bundle. The particular case ~ = go of the Theorem above is also a particular 

case of his result: for E a bundle of tensors on M, considered with the natural 

extensions of the metric go and of the corresponding Levi Civita connection. 

The results of Theorem 2.1 when P is the tangent bundle appeared in [11]. 

As was done there, it will be useful to write ~(~,~) in terms of the Levi Civita 

connection of go and the endomorphism field L~ = (det(gol0))-�89 i.e., 

L~ : (det A)-�89 where ~(X,Y) : go(AX, Y )  for all X , Y  E ~ ( M ) .  
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PROPOSITION 2.2: Given a section cr E F~ of a tensor bundle 7r: P --+ M 

over a Riemannian manifold (M, go) and a metric [7 on M,  denote by K(~,~) the 

section of P | T* M given by K(~,~) = V(r o LYg 1 . Then 

~(o,~) = - (det (go 1 [7)) -- �89 V *  (K(e r ,~ ) ) ,  

where V*: F~ | T ' M )  -+ F ~ ( P )  represents the divergence defined as 

n 

V*(K) = - E ( V E ~ K ) E ~ .  
i----1 

Proof: It has been shown in [11] that  

V~/~i  -- E L~I(Vt?~L0 (/~))" 
i=1  i=1  

Using now (2.2), we get 

n 

~(~,~) = E ( V ~  (Vcro L;1))(L0(Ei)).  
i----1 

By the choice of L~, we have for X C X(M): 

X = ~-~go(X, Ei)Ei  = (det(go~O)) -�89 [7 (L; I (X) ,E i )E i ,  
i=1  i=1  

from where the result follows. I 

COROLLARY 2.3: Given a section ~ C F ~ ( P )  of a tensor bundle 7r: P -+ M 

over a Riemannian manifold (M, go) and a metric [7 on M,  the map a: (M, [7) -+ 

(P, gSo ) is harmonic i f  and only i f  X(~,~) = 0 and ~/(~,~) -- 0. I f  a is a section 

of the subbundle U P  consisting of those tensors of unit norm, then the map 

a: (M, [7) --+ (UP, gSo ) is harmonic i f  and only i f  X(~,~) -- 0 and ~1(~,~) is collinear 

to a. 

Proof: The first assertion comes from the theorem and the definition of har- 

monic maps as those with vanishing tension. Furthermore, a unit a is harmonic 

as a map to (UP, gSo) if and only if for all p C M the vector T~(a)(p) E T~(p)P 

is collinear to the vector field normal to the immersion U P  C P which is given 

by ~rVert(a(p)), from where the result follows. I 

The energy of the map a: (M, ~0) ~ (P, go s) is 

1 /M  trace(L(~,~))dv~, E(~, [7) = 
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where L(~,~) is the endomorphism field uniquely determined by 

(a*g0S)(X, Y)  = ~(L(~,~)X, Y) .  

In the particular case ~ = go, E(a,  g0) = E(a )  is called the e n e r g y  o f  t h e  sec- 

t i o n  and E(a,  a 'g0 s) = �89 where vol(a) is the n-dimensional volume of 

the submanifold a (M) ,  or equivalently, the volume of the Riemannian manifold 

(M,a* gSo ). 

If M is compact, a is a h a r m o n i c  m a p  if and only if it is a critical point of 

the energy functional from C~176 P) to I~ and a is a m i n i m a l  i m m e r s i o n  if 

and only if it is a critical point of the volume functional from Imm(M, P)  to ]K 

Once we know the condition for a smooth section of P to provide a harmonic 

map, we can consider the restriction of the energy functional to the space of 

sections. Let E~ be the functional that  maps each smooth section a into E(a, [l). 

A critical point a E Foo(P) of E~ is called a ~ - h a r m o n i c  s ec t i o n  or simply 

h a r m o n i c  if ~ = go. Since the variational field a'(t) of any variation a(t) of 

a through sections of 7r: P ~ M is in the vertical subbundle k e r r .  C TP,  

critical points of this restricted functional are characterized by the vanishing of 

the vertical component of their tension and then we have 

COROLLARY 2.4: A section a E Foo(P) is ~-harmonic f fand only ffq(~,~) = 0 

and a unit section is a critical point of E~ restricted to Foo (UP) i f  and only i f  

~1(~,~) is collinear to a. 

PROPOSITION 2.5: Given a section a E Foo(P) of a tensor bundle ~r: P --+ M 

over a Riemannian manifold (M, go), the immersion a: M ~ (P, gSo ) is minimal 

i f  and only i f  ~(~,~) = 0, where ~ -- a*gSo . I f  a is a unit section, then it is a 

minimal immersion into (UP, gSo ) i f  and only if  ~(~,~) is collinear to a. 

Proof'. If we compare the tension of a map with the mean curvature vector 

field of an immersion, it is clear that  the immersion a is minimal if and only if 

it is a harmonic map from (M,~),  with ~ = a*gSo . 

In view of Corollary 2.3, we only need to show that,  for this particular value 

of ~, if ~/(~,~) = 0 (or if cr is a unit section and ~/(~,~) is collinear to a),  then 

X(~,~) = 0. This will be a consequence of the following equality, for all X E 

X(M): 

(2.6) g0(X(~,~.goS), X) + go(y(~,~.9oS), V z a )  = O. 

In fact, if a vector field ~ E 3E(P) is of the form ~ = yho~ + ~vert and such 

that  ~ o a is orthogonal to the submanifold a(M) ,  with respect to the metric 
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gS, then for all X �9 9C(M) we have, using (2.4) and the definition of go s, that  

g0(Y, x )  + g0( , Vx ) = goS(  o o x )  = 0. 

Since T~ (a) is the mean curvature vector field of the immersion, it is orthogonal 

to a (M) ,  from where (2.6) holds. 

3. E n e r g y  a n d  v o l u m e  o f  oriented distributions 

Let (M, go) be a Riemannian manifold and let 

A q ( / )  = [_J Aq(Tx M) 
x C M  

be the tensor bundle of all skew-symmetric contravariant tensors of order q, 

or briefly, of all q-vectors on M. Now, we consider the Grassmann bundle as 

a subbundle of A q (M). Let V be an n-dimensional oriented vector space and 

let G~(V) be the oriented Grassmann manifold, i.e., the set of all oriented q- 

dimensional linear subspaces of V. Then Gq(V) is an (n - q)q-dimensional 

compact homogeneous Riemannian manifold. Moreover, if we choose an inner 

product on V, we may identify G~(V) in a natural way with the set 

�9 zq (v ) ;  I1 11 = 1} 

where Eq(V) denotes the set of all decomposable q-vectors of V. In fact, each 

q-dimensional subspace U of V is identified with the decomposable q-vector 

a = el A . . .  A eq of Aq(v) where { e l , . . . ,  eq} is a positive orthonormal basis 

of U. We shall say that  U is the a s s o c i a t e d  s u b s p a c e  of a. It can be shown 

that  this representation of G~ is a submanifold of Aq(V). Fhrthermore, 

the tangent space of G~(V) at a subspace U represented by a = el A . . .  A eq 

corresponds to the subspace T~,G~ C Aq(V) generated by 

{or~ = e l  A . .  " e a - 1  A e j+q A e a + l  " "  A eq; a = 1,.. .  ,q, j = 1,. . .  ,n - q} 

where {eq+l , . . . ,  en} are chosen so that  they complete the positive orthonormal 

basis { e l , . . . ,  eq}  of U t o  a positive orthonormal basis of V. 

In fact, let a(t) = el(t) A . . .  A eq(t) be a differentiable curve in Aq(v),  lying 

in Gq(V), with a(0) = cr. Then 

q 

0"1(0) = E el A " "  A e~(0) A " "  A eq. 
a----1 
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Since ea(t) is a unit vector, e ' (0)  is orthogonal to ea and so a'(0) is in the 

subspace generated by {a~}. 

Let G~(M) = ~JxEM G~(TxM) be the G r a s s m a n n  f ibre  b u n d l e .  Then, 

under the above identification, Gq(M) is the unit decomposable subbundle of 

A q (M) and each q-dimensional oriented and smooth distribution V on M gives 

a section a C F~ of the Grassmann bundle and may be considered 

as a global smooth section of the tensor bundle Aq(M), also denoted by a. It 

can be expressed locally as a = E1 A . . .  A Eq, where { E l , . . . ,  En} is a positive 

orthonormal local frame such that  E l , .  �9 Eq span V and Eq+l, . . . ,  E,~ span its 

g0-orthogonal complementary distribution 7-/. We will denote the corresponding 

section of G~ (M) by a • It is locally expressed as a • = Eq+l A . . .  A En. Such 

a local frame will be called a local  f r a m e  a d a p t e d  to  t h e  d i s t r i b u t i o n .  

The energy of the distribution V is then defined as the energy of the corre- 

sponding section a, where Gq(M) is considered with the induced Sasaki metric 

from Aq(M). 

PROPOSITION 3.1: Let a be a q-dimensional oriented distribution on a 
Riemannian manifold (M, g0) and let o • be the corresponding go-orthogonal 
distribution. Then a* gSo = (a• )* gS o and consequently, for any metric ~ on M, 
the maps a: (M,o~) --+ (G~(M),gSo) and a• (M,O) -+ (G~ have the 
same energy. 

Proof'. Since a* gSo (X, Y) = go(X, Y) + go(V xa,  Vya) ,  we only need to show 

that  

g0(Vxa, Vra) = go(Vxa • VrG') .  

If we compute V x ~  in an adapted local flame, we obtain 

q n--q 

(3.1) V x a  = E Eg~  , 
a=l  j = l  

and then 

q n--q 

g 0 ( V x ~ , V y a )  = E E g~176176 'ab)" 
a,b-=l j , k = l  
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Since a b k b g o ( a j , a k )  = 5 j S a ,  

q n--q 

go(V xa, V y a )  = E E g~ X Ea'Eq+j)g~ Ea'Eq+j) 
a = l  j = l  

q n--q  

= E E go(Ea, V x  Eq+j)go(Ea, V y  Eq+j) 
a = l  j = l  

= g O ( V X G  • , V y ( : r •  | 

0 1 If we denote by So(x) the subspace of Aq(TxM) generated by a(x), by S~(x) 
2 the subspace T~(~)G~(TxM) previously described, and by So(x) the subspace 

generated by 
{aab(x) a,b= l , . . . ,q;  i , j =  l , . . . , n - q } ,  

where a~jb(x) = e l  A . . . A e a - 1  A e q + i  A e a + l  A . . . A e b - 1  A e q + j  A e b + l  A . . . A e q ,  

then it is easy to see that  for every a E P ~  we have 

o 1 2 ~(o,~)(x) E S~(~) | S~(~) | So(x). 

The condition for a to be harmonic as a map into G~(M) is the vanishing of the 

projection of the tension onto T~(,)G~ and we have shown the following: 

THEOREM 3.2: Given an oriented q-dimensional distribution on a Riemannian 
manifold (M, go) and a metric ~ on M, then 

(a) the corresponding map a: (M, ~) --+ (G~(M), gSo) is harmonic if and only 
if 

X(~,~) = 0 

and for all x E M, 

0 2 . (3.2) ~(~,~)(x) E S~(x) | S~(x), 

(b) the condition (3.2) characterizes these ~-harmonic distributions or, equiv- 
alently, those distributions that are critical points of E~ restricted to 
F~(G~(M)); 

(c) the immersion a: M --+ (G~(M), gSo ) is minimal if and only if 

o 2 ~(~,~.g0~)(x) ~ So(x) �9 S~(.). 

Since the subspaces S~ S~(x) and S2(x) are mutually orthogonal, (3.2) is 

equivalent to g0(~(~,~), a2) = 0 for all a = 1 , . . . ,  q, j = 1 , . . . ,  n - q. Therefore, 

in view of our applications, the following lemma will be use{ul. 
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LEMMA 3.3: Let a be a q-dimensional distribution on a Riemannian manifold 
(M, go) and let P be an endomorphism field. If we put K~ = Va o P, then 

(3.3) 

and 

go(R(X, Y)a, a~) = go(R(X, Y)Ea, Eq+j) 

g o ( ( V  x I ( a ) X ,  0 ; )  = g o ( Y  x V p x  E a - V p ( v x  x ) E a ,  Eq+j)  
q 

(3.4) + E (go(V x Ea, Eb )go(V px Eq+j, Eb ) 
b=l 

+ go(VpxEa, Eb)go(VxEq+j, Eb)) .  

Proof'. Since from (3.1) we get 

q n--q 

V x V y a  = E E {Xg~ Ea'Eq+j)a~ + go(Vy Ea,Eq+j)V xa~ } 
a = l  j = l  

and the projection of Vx~2 onto S 1 is given by 

n--q q 

we have 

(3.5) 

Therefore, 

E go(V x Eq+j, Eq+k )a~ -- E go(V x Eb, Ea)a b, 
k = l  b=l  

9o( V x Vya, a~ ) =go(V x V y Ea, Eq+j ) + 9o(V y Ea, V X Eq+j ) 
n--q 

+ E go(VyEa, Eq+k)go(VxEq+k, Eq+j) 
k = l  

q 

- E go(VxEa, Eb)go(VyEb, Eq+j). 
b=l  

go(V y , =go(V yEo, Eq+j) 
q 

(3.6) + E(go(VzEa ,  Eb)go(VyEq+j, Eb) 
b----1 

+ go(VyEa, Eb)go(VxEq+j, Eb)) 

from where (3.3) follows. Using again (3.5) and taking into account that 

(3.7) (VxK~)X = V X V P X ~ 7  -- V p ( v  x x)O' ,  

we obtain (3.4). | 
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PROPOSITION 3.4: Let a be a q-dimensional distribution on a Riemannian man- 

ifold ( M, go) and let a • be the corresponding go-orthogonM distribution. Then 
o S for any metric p on M, the map a: (M, p) -+ (Gq(M), go ) is harmonic if and only 

if the map a• (M, p) --+ (G~ (M), gSo ) is harmonic, and the distribution a is 

p-harmonic if and only if the distribution a • is p-harmonic. Moreover, the im- 
G ~ M s mersion a: M -+ (G~(M), gSo) is minimal if and only ira• M ~ ( n - q ( ) ,  go ) 

is minima/. 

Proof: Using (3.1) and (3.3), we get 

q n--q 
(3.8) go(R(X, Yla,  Vya)  = E E go(VyEa, Eq+j)go(R(X, r lEa ,  Eq+j). 

a----1 j = l  

Hence, X(~,~) = X(~• On the other hand, (3.4) yields 

go((V x K~)X,  a~) =Xgo(• px  Ea, Eq+j) - go(V P(Vx x)Ea, Eq+j) 
n-q 

-f- E go(Vpx Ea, Eq+k)go(V x Eq+k, Eq+j) 
k=l 

q 

- E go(VxEa, Eb)gO(VpxEb, Eq+j) 
b--1 

for all a �9 {1, . . . ,q}  and j �9 { 1 , . . . , n -  q}. So, we have 

go((VxK )X, = -g0((VxK  )X, 

and this implies, from Proposition 2.2, that 

g0 (~(c~,~), O'j ) J- j ~ = 

Now, the result follows from Theorem 3.2. | 

Remark 3.5: As a consequence of Proposition 3.1, any example in which the 

value of the energy or of the volume of a unit vector field has been computed, 

also gives the value of the energy or the volume of the orthogonal distribution. 

Moreover, every critical unit vector field provides a critical codimension one 

distribution as a consequence of Proposition 3.4. So, all the examples given in 

[3, 6, 7, 8, 12, 13, 14, 15, 16, 17, 23, 24, 25] also provide examples of codimension 

one minimal or harmonic distributions and of harmonic maps. In particular, we 

formulate one appearing in contact metric geometry. 
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It is well known that  the characteristic vector field of a / ( - c o n t a c t  manifold 

(M, g, 4) is an eigenvector of the Ricci operator and in [25] it has been shown 

that  this is exactly the condition for a Killing vector field to be harmonic. That  

the characteristic vector field is also minimal is obtained in [14], by showing 

that  the endomorphism field A relating the metric ~ = ~.gS with the metric g 

verifies A(~) = ~ and Al~ • = 2Id. Now, it has been seen in [11] that  X(~,~) = 0 

for a minimal unit vector field. For this particular value of A, by using the 

formula for X(~,~) given in Theorem 2.1 and by showing that  the identity map 

is in this case harmonic (use the first formula in the proof of Proposition 2.2), 

this implies that  X(~,g) = 0 too and hence that  ~ determines a harmonic map. 

So we have 

PROPOSITION 3.6: The characteristic vector field and the corresponding char- 

acteristic distribution of a K-contact  manifold are minimal and define harmonic 

maps. 

Next, we provide some other examples. If we represent by N the unit outward 

normal to the sphere S n, n = 4m - 1, m _> 1, in N 4ra and by {I, J, K} the usual 

quaternionic structure of ~4m, then the 3-vector field a globally defined by 

a = I N  A J N  A K N  determines the smooth three-dimensional distribution 1; on 

S n generated by { IN,  J N , / ( N }  tangent to the Hopf fibration 7r: S ~ -+ ]HIP m-x 

and we will refer to it as the H o p f  d i s t r i b u t i o n .  If go is the standard metric 

on the sphere and 7t represents the distribution g0-orthogonal to l;, we consider 

on S n the canonical variation gt, i.e., gt[v = go, gt]~ = tgo and gt(1;,7/) = 0. 

For all t > 0, 7r: (S n, gt) --+ NPm-1 is a Riemannian submersion with totally 

geodesic fibres and then the map Id: (Sn,gt)  ~ (Sn,go) is harmonic. It is not 

difficult to show that  X(~,g,) = 0 and that  

3(3 - n) a 

~/(~'g~) - t 
n--3 

+ 2 E ( I E j  A JE j  A K N  + IE j  A J N  A K E j  + I N  A JE:  A K E j ) ,  
j = l  

- n--3 where {Ej} j= 1 is a local gt-orthonormal frame of 7t. 

Hence, ~(~,g,)(x) e S~174 S~(z) for all x e S n. From Corollary 2.3 we 

get that  cr is not a harmonic map from (Sn,gt)  to (A3(Sn),gSo), but using the 

characterization of Theorem 3.2 we get 

PROPOSITION 3.7: Let ~ be any of the metrics of  the canonical variation of the 

Riemannian submersion 7r: S ~ --+ ]HIP m-1 . Then the three-dimensional Hopf 

distribution provides a harmonic map from (S n, ~) to I G~ ( S~ ~ , s  ~ \ 3 \  ] ~ 0 ] "  
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Remark 3.8: As a consequence, the three-dimensional Hopf distribution is 

harmonic; this result also appeared in [9]. Moreover, it provides a harmonic 
,GO,S~, s,  map from (S n, g0) to / 3i ), g0 ) which has been shown in [10] by a different 

method: using the homogeneous structure of the sphere and the structure of 

homogeneous bundle of G~ (S~). 

PROPOSITION 3.9: The three-dimensional Hopf distribution on S ~ provides a 

minimal immersion of the sphere into its Grassmann bundle of oriented 3-planes. 

Proof: It is straightforward to show that  the metric a*gSo restricted to V is 

equal to go and restricted to 7 / i t  is equal to 4go. Then it is homothetic to one 

of the metrics gt and then the result follows from the above Proposition. | 

PROPOSITION 3.10: The three-dimensional characteristic distribution on any n- 

dimensional 3-contact metric manifold (M, go) provides a minimal immersion of 

the manifold into its Grassmann bundle of oriented 3-planes and also a harmonic 

map from (M, go). Moreover, if M has finite volume, E(a) = 2(n - 3)vol(M) 

and the volume F(a) of a is given by F(a) = 2 n-3 vol(M). 

Proof: First, we recall that  due to a recent result by Kashiwada [18], every 

3-contact metric manifold is 3-Sasakian. We refer to [5] for more details and also 

for the needed results and formulas from Sasakian geometry. If we represent by 

~a, a = 1, 2, 3, the unit vector fields defining the structure, then a = ~1 A ~2 A ~3 

and an adapted local frame { ~}~=1 can be chosen such that  Ea ~ ,  a 

1, 2, 3. Since on a Sasakian manifold 

R(X,  Y)~a = go(X, ~a)Y - go(Y, ~ ) X  

for all vector fields X, Y, (3.8) implies 

3 n - 3  

go(R(x, vy ) = go(Vy a, Ej+3)go(X,  o)go(Y, Ej+3) 
a = l  j = l  

3 n - 3  

- E Eg~176176  +3)" 
a=l  j = l  

Each ~a is Killing and consequently, X(~,go) = 0. Furthermore, we show that  

go(r](~,go), a~) = 0. By (3.4) we have 

3 

go( (V x Va)X ,  a2 ) = go( (V X V~a)X, E3+j) + 2 E go(V x~a, ~b )gO(V X E3+j, ~b ). 
b = l  
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We also have V ~  = - ~  and (VX~a)X = go(X,X)~  -go(~,~,X)X. 
consequence, 

E a go((VE~ a, aj) 

and then 

As a 

3 

= go (~a, E.)go (E., E3+j) + 2 ~ go (V~o ~b, ~)go (rE~ ~b, E3+j) 
b----1 

3 

b-~l 

3 

g0(~(a,go), cry) = - 2  E g o ( V ~ b ,  VE3+j ~b) 
b----1 

3 

= -2 ~ go(~b~o, ~E~+j) = 0. 
b= l  

Now, we compute a*gSo . From (3.1) and the definition of go s, we have 

3 n--3 

~*gSo(x, Y) - go(X, Y) = ~ Z go(~ox, E~+jlgo(~o~, E~+j) 
a~-I j----1 

---- a = l  g~ (PAY) - ~ g~ ~b)gO(~~ ~b) �9 

Since go(~aX, ~aY) = go(X, Y) - go(X, ~a)g0 (Y, ~ ) ,  we obtain 

3 

a*gSo(X, Y) = 4go(X, Y) - 3 E go(X, ~a)go(Y, ~).  
a----1 

From here, and if we denote by A the endomorphism field such that  cr*g~(X, Y) 
= go(AX, Y), we have A ( ~ )  = ~a and A(E3+j) = 4E3+j from where we obtain 

the values given in the statement for the volume and the energy of ~ and also 

that ,  for ~ = a*gSo, L~ = 23-~A. Using now (3.4) with P = L ;  1, it is straight- 

forward to show that  

2 go(r](a,go) , o'j ) 

and so a is also minimal. | 

Remark 3.11: It follows from Proposition 3.4 that  the same results are true for 

the distribution a • which in that  case has dimension n - 3 = 4m. 
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4. Quaternionic Hopf  distributions 

In this section, we shall put the examples given in Section 3 in a broader context 

by considering Hopf distributions on real hypersurfaces of quaternionic Kghler 

manifolds of dimension 4m with m > 1. Before starting the study of the critical 

points of the energy and volume functionals, we start by recalling some general 

preliminaries about quaternionic K~ihler manifolds. For more details, we refer 

to [1] and [4]. 

A q u a t e r n i o n i c  K~ihler s t r u c t u r e  on a Riemannian manifold (/~/,g) is a 

rank 3 vector subbundle ff  of End(T/~/) with the following properties: 

(a) For each p E /~/, there exists an open neighbourhood/)  of p in M and 

sections J1, J2, J3 of f f  over/~ such that  for all a E {1, 2, 3}: 

(1) Ja is an almost Hermitian structure on/~, that  is, J~ = -Idff) and 

g(J~X,Y) +g(X, JaY) = 0 for all X,Y E X(L1); 

(2) J a J a + l  = Ja-F2 : - J a - I - 1 J a  (amod3).  

(b) f f  is a parallel subbundle of End(T_~/), that  is, VxJ E F(ff)  for all 

x e J e r( :7).  

A triple {J1, J2, J3} satisfying these conditions is called a canonical local 
basis of ft .  From (b) it follows that  there exist three one-forms qJ, q~, q3 o n / )  

such that  

(4.1) V X Ja  = q a + 2 ( X ) J a + l  - qa+l (X)Ja+2 (amod3)  

for all X E 3~(/~), a E {1,2,3). 

A Riemannian manifold (.~r, g) equipped with a quaternionic K~hler structure 

is said to be a q u a t e r n i o n i c  K~ihler mani fo ld .  Every quaternionic Ks 

manifold is orientable and of real dimension 4m for some m E N+. For any 

m > 1, it is an Einstein manifold. As is usually done in quaternionic geometry, 

we therefore define a four-dimensional quaternionic K~hler manifold as a four- 

dimensional oriented self-dual Einstein space. A quaternionic space f o r m  of 

quaternionic sectional (Q-sectional) curvature c E ~ is a connected quaternionic 

Ks manifold 1~/with the property that  the Riemannian sectional curvature 

is equal to c for all tangent 2-planes spanned by {u, Ju} with u E Tpl~/[, J E ,~p, 
p E ~/,  Iiull = 1. The Riemannian curvature tensor/~ of a quaternionic space 



270 O. GIL-MEDRANO, J. C. GONZALEZ-D/~VILA AND L. VANHECKE 

form 2~ of Q-sectional curvature c is of the form 

Isr. J. Math. 

+[ RxyZ =~ g(X, Z)Y - 9(Y, Z)X 

(4.2) 3 1 

+ E ( g ( J a X ,  Z)JaY - g(J(+Y, Z)J~X + 2g(JaX, Y)JaZ)[  
a = l  J 

for any canonical basis { J1, J2, J3 } of j .  

Now, let M be an orientable real hypersurface of a quaternionic K~hler man- 

ifold 57I and let N be a global unit normal field of M. Let p~ denote the 

canonical projection TMIM -+ T M  and let 7 ) be the rank 3 vector subbundle 

of Hom(TM, T~/)  obtained as the restriction of 3 to M. Then every canonical 

local basis {J1, J2, J3} of 3 defined in an open neighborhood/2 o fp  E M in F/  

induces a basis {~1, ~2, ~93} of J = p~ o p C End(TM) over L/ = / 2  N M by 

defining ~ = Pvo J~]M- Each ~a is a skew-symmetric (1, 1)-tensor field on L/. 

Hence, for any vector field X on/4, we get 

(4.3) JaX = ~o.X + ~la(X)N, 

where T/a is the dual one-form of the vector field ~ = - J a N  on b /wi th  respect 

to the metric g, a = 1, 2, 3. We also denote by g the induced Riemannian metric 

on M. We have ~ ( G )  = 1, 

~ x  = - x  + ,7o(x)~o, g(~ox, ~oz)  = g(x ,  Y) - ~(x) ,7o(Y)  

and also the following identities hold (a rood 3): 

(4.4) 
~ga~ga+ 1 : ~ga+ 2 : - - ~ O a + l ~ 9  a .  

The Gauss and Weingarten formulas for M are given by 

(4.5) (TxY = V x Y  + g(SX, Y)N,  (TxN = - S X ,  

where V and ~7 denote the Levi Civita connection of (/~/, g) and (M, g) respec- 

tively. Then, using (4.1) and (4.3), we get 

(4.6) 

and 

(4.7) 

V X~a = qa+2(X)r - qa+t (X)~a+2 + ~aSX 

(V x~a)Y  = qa+2(X)~a+tY -- qa+l(X)~a+2Y + ~?~(Y)SX - g(SX, Y)~a- 
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Furthermore, we have the following Gauss and Codazzi equations: 

(4.8) 9(RxyZ,  W) =9(f~xyZ, W) 

+ 9(sx, z)g(sY, w) - 9(sY, z)g(sx,  w), 

(4.9) 9(Rxy Z, N) =g((VvS)X, Z) - 9((VxS)Y, Z). 

The three-dimensional oriented distribution Y on M given by Yx = {JzNz ] 
J E 3} ,  x E M, is called the (qua te rn ion ic )  H o p f  d i s t r i b u t i o n  on M and 

we shall denote by a its associated section of G~ (M). It is generated by the 

local (positive) orthonormal frame field {~1, ~2, ~3 } and a is locally expressed as 

cr = ~a A~2 A~3. As in Section 3, we denote by {E1, . . . ,En},  n = 4 m -  1, a 
positive orthonormal local frame on M such that  Ea -- ~a, a = 1, 2,3. Using 

(4.6), we have 
3 n-3 

= Z F,g( aSX, E3+Jl   �9 
a = l  j = l  

We start with the following criterion for the harmonicity of Hopf distributions 

when/17I is a general quaternionic Ks manifold with m > 1. 

THEOREM 4.1: Let M be an orientable real hypersurface of a quaternionic 
Kgthler manifold ~/I with mean curvature h. Then the Hop( distribution is 
harmonic if and only if for each a C {1, 2, 3} the vector field 

~a(grad h) + $2~  + 2c;a+1S2~+2 - 2~+2S2~a+1 

is tangent to the distribution. 

Proof'. Using (4.6) and (4.7) for a C {1,2,3} and j E {1, . . .  ,n  - 3 } ,  we have 

g(V2y~a, E 3 + j )  =q~+2(Y)g(~+,sr, E3+j) - qa+x (Y)g(~a+2SY, E3+j) 

+ g((Vy~pa)SY, Ea+j) + g(7~a(VyS)Y, E3+j) 

=2q~+2 (Y)Y(~+ISY, E3+j) - 2qa+l (Y)g (~+2 SY, E3+j) 

+ g(SY, ~a)g(SY, E3+j) + g(~a(VyS)Y, E3+j). 

On the other hand, 

3 

E g(VY~b, ~a)g(VY~b, E3+j) 
b= l  

=g(Vv~a+l, ~a)g(VY~a+l, Ea+j) + g(Vv~a+2, ~a)g(VY~a+2, E3+j) 

=q~+l (Y)g(~+2SY, E3+j) - q~,+2 (Y)g(~+ISY,  E3+j) 

- g (~+ l ,  ~SY)g (~+~SY ,  E3+j) - g(~+2, ~SY)g(~a+2SY, E3+j). 
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Therefore, by (3.6), we get 

g(V~ya, a~) =g(~aa(VrS)Y, E3+j) + g(SY, (a)g(SY, E3+j) 

- 2g(~a+l, ~aSY)g(~a+lSr, E3+j) 

- 2g(~a+2, ~aSY)g(~+2SY, E3+j). 

Since M is an Einstein manifold, we have from (4.9) 

n 

E ( V E ~ S ) E a  = gradh. 

Using the properties of the ~ ,  we conclude that  

n 

= g ( ~ ( g r a d  h) + S2~a + 2~a+lS2[a+2 - 2~a+2S2[~+1, E3+j), 

from where the result follows. | 

T H E O R E M  4 . 2 :  Let M be an orientable real hypersurface of a quaternionic 
K~hler manifold ]~I. Then the Hopf distribution a is minimal if and only if for 
each a E {1, 2, 3} the vector field 

~a(-V*SP) + SPS(~ + 2~+ISPS~a+2 -- 2~a+2SPS~a+I 

--1 is tangent to the distribution. Here P = L~.gS. 

Proof: By Theorem 3.2(c), the minimality of a is equivalent to the vanishing 

of g(Tl(~,~.gs), a~) which, by Proposition 2.2, is equivalent to 

n 

c ~ : l  

where Ks = Va o P and V* is the divergence operator. In a similar way as in 

the proof of Theorem 4.1, and by using (3.4), (4.6) and (4.7), we get 

g((VvK~)Y, a~) =g(~(VySP)Y ,  Ea+j) + g (~ ,  SPY)g(SY, E3+j) 

- g(~a+l, ~ S Y ) g ( ~ + I S P Y ,  E3+j) 

- g(~a+l, ~aSPY)g(~a+ISY, E3+j) 

- g(~+2, ~SY)g (~+2SPY ,  E3+j) 

- g(~+2, T~SPY)g(~+2SY, Ea+j). 
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Therefore, 

E g((VE, K~)Ea,  a~) = g ( ~ a ( - V * S P )  + S P S ~ ,  E3+j) 
c~=l 

+ g ( 2 ~ + I S P S ~ + 2  - 2~pa+2SPS~+I, E3+j) 

from where the result follows. II 

Remark 4.3: From the proof of the theorem above, it is clear that if we consider 

any other metric ~ on M and we put P = L~ 1, the condition we obtain is then 

equivalent to a being a critical point of the functional E~. 

Since P = L -1 = ~ ) A  -1 where A is the endomorphism field defined o-*gS 

by 

gS(x, Y) = g(AX, y), 

for a better understanding of the condition in Theorem 4.2, it will be convenient 

to write down the expression of the metric a*g s. By arguments similar to those 

used in the proof of Proposition 3.10 for the characteristic distribution of a 

3-Sasakian manifold, we easily get 

LEMMA 4.4: Let M be an orientable reaJ hypersurface of a quaternionic K~hler 

manifold 1~I and let a be the Hopf distribution. Then 

3 

A X  = X + 3S2X - 3 ~- '~qa(SX)S~.  
a z l  

The extrinsic geometry of the submanifold M is so involved in the criticality 

conditions of the Hopf distribution that it is difficult to go further, without 

making assumptions on the behaviour of the shape operator. The conditions 

in Theorem 4.1 mad Theorem 4.2 simplify a great deal when we restrict our 

attention to the well-known class of the Hopf hypersurfaces. 

If P (or equivalently, the orthogonal distribution 7/) is invariant by S, then 

M is called a H o p f  hypersurface  of !~/. From (4.6), the Hopf distribution Y 

is invariant by the shape operator S of M if and only if it is autoparallel, that 

is, V x Y  C P for all X, Y E Y (see also Proposition 3.5 of [1]). In particular, 

P is integrable and the induced foliation J'v is totally geodesic. If M is a Hopf 

hypersurface, then there exists an open and dense subset W of M where the 

eigenvalues of S are smooth and their multiplicities are locally constant. It yields 

that for each p E W there exists a canonical local basis { J1, J2, J3 } of ff  such 
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that  ~a is an eigenvector of S, defined on some open/d with p C U = / d N M  C W 

(see [1, Lemma 3.6]). 

This local frame of V can be completed to an orthonormal frame field 

{Ea = ~a; Ea+j} on /d  satisfying SEa = )~aE~, c~ = 1 , . . . , n .  Moreover, from 

Lemma 4.4, we have P(Ea) = f(a)E~ and P(E3+j) = ( f ( a ) / (1  + 3,~+j))E3+j 

where 
n- -3  

f(a)2 = H (1 + 3)~+j). 
j : l  

THEOREM 4.5: Let M be a Hopf hypersurface of a quaternionic KSahler manifold 

(a) The Hopf distribution is harmonic if and only if the gradient of the mean 

curvature of M is tangent to the distribution. In particular, if M has 

constant mean curvature, then the Hopf distribution of M is harmonic. 

(b) I f  the Hopf distribution is harmonic, then it determines a harmonic map 

from (M, 9) to (G~(M), gS) i f  and only if, for any local orthonormal frame 

of 7-l comprising eigenvectors of the shape operator, the vector field 

n 

E A k R ( N ,  Ek)Ek 
k=4  

is n o r m a / t o  M. 

(c) The Hopf distribution gives a minimal immersion into (G~(M),g s) if 

and only if V * S P  is tangent to the distribution. This condition can be 

expressed as 

k=4 1 + 3)~2k (Ej(Ak) + (1 -- 3,~kAj)[~(N, Ek ,Ek ,Ej ) )  = 0 

for a11 j = 4 , . . . ,  n. 

Proof: Part  (a) is a direct consequence of Theorem 4.1. Now we prove (b). 

By Theorem 3.2, a harmonic distribution a defines a harmonic map if and 

only if, for each vector field X on M, 

n 

Z g(R(x, = o. 
o ~ 1  
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Using (3.8) and the fact that by hypothesis S ~  E ~ and SEj E 74, we have 

g(R(X, E,)a, VE, a) : E E g(~aSEk, Ej)g(R(X, Ek)~, Ej) 
(~:1 a : l  j,k=4 

: 

a : l  k : 4  

Now, from the Gauss equation (4.8) and the properties of the curvature tensor 

on a quaternionic K~hler manifold [4, p. 403], we derive 

g(R(X, Ek)~, ~SEk)  = g(!~(X, Ek)~, ~SEk)  

= -g( /~(X,  Ek)J~N, JaSEk) 

= Ek)N, SE ). 

Therefore, 

n n 

E g(R(X, Za)a, VE. a) = -3 E([~(X, Ek)N, SEk), 
c~=l k=4 

from where (b) holds. 

The first assertion of (c) is a consequence of Theorem 4.2 and the definition 
of a Hopf hypersurface. Furthermore, by Lemma 4.4, SP(E~) = I~ with A~ = 

f(~)A~ and l j  = f(a)lj/(1 + 3A~). Therefore 

T~ 

g(V*SP, E J  = - E j ( i j )  + - i . ) g ( V E . . E . , E J .  
0~=1 

Since V ~  ~a = 0 and 

f(a) ~ f(a)lj  ~ Ak 
E j ( I j ) -  ( l ~ - ~ ) 2 ~ j ( l j )  + l+3A-------~ "--" l + 3 A ~  

kCj=4 

the vector field V * S P i s  tangent to the Hopf distribution if and only if for all 
j = 4 , . . . , n  

1 + 3A~ Ej(Aj) + k#j=4 
( 3)U)~k E 

+ (Ak -- A3)(1 -- 3~k)~j) "V E 
l + 3A~ g( Ek k,Ej)) =0 .  

Now, for k # j ,  the Codazzi equation reads as 

(4.10) g(ft(Ej, Ek)E~, N) = -Ej(Ak) + (lj - Ik)g(VEkEj, Ek). 
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Therefore, the condition above is equivalent to 

1 ~ 1 - 3AkAj ~/~E 
I+3A~Ej (Ak)+ i ~ - ~ k - g (  ( j , E k ) E k , N ) = O ,  

k=4 k=4 

and so we have shown the second assertion. | 

Let G2(C m+2) be the complex Grassmannian manifold of all complex two- 

dimensional linear subspaces in C m+2 . Denote by g its canonical metric. Then 

(G2(Cm+2),g) is a compact Hermitian symmetric space and this manifold and 

its non-compact dual G2 (C m+2)* are Einstein spaces. These symmetric spaces 

are equipped with a K/ihler structure J and a quaternionic Ks structure J .  

In [2], for m > 3, a complete classification is given for those real hypersurfaces of 

G2 (C m+2 ) and of G2 (C m+2 )* which are Hopf hypersurfaces for both structures. 

Such hypersurfaces are tubes about special totally geodesic submanifolds with 

constant principal curvatures. Moreover, they satisfy that, for any unit principal 

curvature vector E, R(N, E)E is normal to the hypersurface [23]. Hence, we 

have 

COROLLARY 4.6: The Hopf distribution induced by the quaternionic Kghler 

structure J of G2 (C m+2 ) and of G2 (C m+2)* on each one of such real hyper- 
surfaces M determines a harmonic map of (M,g) into (G~(M),g s) and a 
minimal immersion of (M, a*g s) into (G~ (M), gS). 

Finally, we consider the particular case where M is a Hopf hypersurface of a 

quaternionic space form M of Q-sectional curvature c. Using the expression of 

the curvature tensor given in (4.2), we see that for any vector field E tangent to 

the hypersurface,/~(N, E)E is normal to M. Let E be a local unit vector field 

of 7/such that SE = AE. Then for each a E {1, 2, 3}, using (4.10), we have 

o = + - E ) ,  

0 = E( o) + (Ao - 

Hence and from (4.6) it follows that ~a(A) = 0 and E(Aa) = O. Moreover, if the 

Q-sectional curvature of M is c # 0, and according to [1, Lemma 4.16], each of 

the principal curvatures $a is constant on U. 

Therefore we obtain the following Corollary of Theorem 4.5. 

COROLLARY 4.7: Let V be the Hopf distribution on a Hopf hypersurface M of 
a quaternionic space form 2~I of Q-sectional curvature c. Then we have: 

(a) V is harmonic if and only if  ~-~k~=4 Ak is constant; 
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(b) V determines a harmonic map of (M, g) into (G~(M), gS) i f  and only i f  it 

is harmonic; 

G ~ M s (c) Y determines a minimal immersion of (M, a*g z) into ( 3 ( ), g ) i f  and 

only i f  Ek----4 arctan (v/3Ak) is constant. 

Moreover, i f  c ~ 0 then V is harmonic i f  and only i f  M has constant mean 

curvature. 

Proof." The only part that  needs some hint is (a). We know that  V is harmonic 

if and only if Ej(h)  = 0 for all j = 4 , . . . ,  n. Under the hypothesis, 

Ej(h)  = Ak , 
\ k=4 

and since ~a()~k) • O, we get the result. | 

It has been shown in [1] that  for the quaternionic projective space ]HIP m (c), 

m _> 2, of constant quaternionic sectional curvature c > 0, the principal curva- 

tures of a Hopf hypersurface are locally constant and the classification of these 

Hopf hypersurfaces is also given there. Moreover, one can also find in [1] the 

classification of Hopf hypersurfaces with constant principal curvatures in the 

quaternionic hyperbolic space ]HkH m ( -c ) ,  m > 2. Then we can state 

COROLLARY 4.8: The Hopf distribution on a Hopf hypersurface in the quater- 

nionic projective space ]H~m(c), m _> 2, determines a harmonic map and a 

minimal immersion. The same result holds for Hopf hypersurfaces with con- 

stant principal curvatures in HH m ( -c ) ,  m 7_ 2. 
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